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I. INTRODUCTION
Carbon nanoparticles can be synthesized using several methods such as arc discharges, laser ablation, and chemical vapor deposition. In general, these nanoparticles appear as spherical, tubular, and planar shapes varying in sizes. The larger tubular clusters are known as nanotubes. Out of these carbon clusters, nanotubes are given with prime importance due to their superior thermo-mechanical and electrical properties and eventual industrial applications.
1-3 Besides nanotubes, graphene is also produced under the influence of external magnetic field in arc discharges. 4, 5 Arc discharge is the cheapest and simplest method capable of producing nanotubes with fewer topological defects. 6, 7 Figure 1 shows the schematic of arc discharge setup used for the synthesis of nanoparticles. Helium filled cylindrical chamber consists of cathode and hollow anode made up of graphite. The hollow anode is filled with nickel, carbon, and yttrium powders. The electrodes are connected to an external DC power source and when the gap between the electrodes is sufficient enough, an arc is generated. The arc heats and eventually sublimates the anode material. Temperatures in the arc region are high enough to ionize the vapor, which in turn sustains the arc. Carbon and catalyst atoms and their ions inside the vapor combine to form nanoparticles. These nanoparticles appear as a web and precipitate on the electrode and chamber walls. Constant pressure is maintained throughout the process. Further details of the setup can be found elsewhere. 5, 8 To synthesize nanoparticles of desired properties, the influence of various input parameters (type of catalyst and quantity, electrode configuration, background pressure, and electromagnetic field) on the growth kinetics has to be fully understood.
Since it is very difficult to directly measure these parameters (especially spatial distributions of the species concentration and plasma density and temperature), a numerical simulation technique is used to model the arc discharge process in order to analyze the growth of nanoparticles.
The numerical model should combine various processes such as arc formation, electrode heating, sublimation, flow expansion, species transport, and plasma generation. To this end, one-dimensional model developed by Farhat et al. 9 solved for temperature, species concentration, and velocity in one spatial direction between the electrodes. A more accurate two-dimensional model developed by Bilodeau et al. 10 assumes uniform erosion rate of anode obtained from experiments. Navier-Stokes equations along with electromagnetic sources and energy equation were solved in cylindrical coordinates using SIMPLE algorithm. Linear electric field with radial variation of current was considered to simulate the arc between electrodes of equal diameter. It should be pointed out that the linear electric field assumption might be inadequate, if the electrodes are of different sizes, and hence, current continuity in potential form must be solved. 11 However, in both the cases, azimuthal component of magnetic field intensity alone is significant to be considered. Similar formulation using two-dimensional electric field was considered by Murphy et al., but it was for the simulation of arc welding process with plate anode. 12 In this paper, we present the numerical simulation of carbon arc discharge considering all of the above mentioned factors. Electrode heating and sublimation rate were coupled with flow expansion to evaluate the instantaneous mass rate of ablation self-consistently. Two-dimensional electric field is considered to simulate the arc. Conservative form of Navier-Stokes equations with electromagnetic source and energy equation are solved using SIMPLER algorithm. 13 For a given current, the self-consistently obtained data such as density distribution of individual species, temperature distribution, and electric potential serve as inputs for the nanoparticle growth model.
II. MATHEMATICAL FORMULATION
Axi-symmetric formulation is adapted here. Formulation can be divided into five major areas: arc, sublimation, flow expansion, species transport, and ionization. The domain and boundary conditions are shown in Fig. 2 .
A. Arc
Current continuity in electric potential form Eq. (1) is solved to obtain the potential field and then currentj is obtained. Where, r is electrical conductivity and u is electric potential. Electrical conductivity of weakly ionized plasma in DC field is obtained using Chapmann-Enskog equation shown in Eq. (2). 14, 15 Where, e, n e , and m e are unit charge, number density, and mass of electron, respectively. e;a and e;i are collision frequency of electron-neutrals and electronions, respectively, as given by Eqs. (3) and (4). K B , T, n a , and n i are Boltzmann constant, temperature, neutrals density, and ion density, respectively. Q m is momentum transfer cross section for electrons and neutrals collision varying with temperature. 16 Coulomb logarithm, lnðKÞ of Eq. (4) 15 The momentum transfer cross section Q m in Eq. (3) is species dependent. The collision frequencies of all the electron-neutral interactions should be added. Here, the collision cross section of helium is considered for all neutrals. In general, the collision cross sections of metallic species is about two orders of magnitude greater than that of noble gases. In the present case, the evaporated material vapor density is one to two orders of magnitude less than that of He.
Referring to Fig. 2 , for Eq. (1), u ¼ u c is a constant arbitrary value on the cathode tip and uniform current flux is given at the anode tip. All the remaining surfaces are insulated. The azimuthal component of self induced magnetic field is obtained using Ampère's law Eq. (6) . B h is azimuthal component of magnetic field, l 0 is permeability of vacuum, r is spatial coordinate in radial direction, j z is axial component of current flux, and R is radius of chamber.
B. Sublimation
Initially, arc concentrates near the axial region and the catalyst-filled core intensively evaporates. Due to this intensive evaporation, the gap between electrodes increases near the catalyst core, and hence, the arc shifts towards the enclosed carbon shell. This transition in arc position is expected to alternate between the catalyst core and enclosed carbon shell throughout the experiment. Simulation of this transition is complicated and not necessary to obtain the overall evaporation rate. Hence, it is assumed that anode is made of single uniform compound material and arc is distributed uniformly throughout the anode tip. One drawback of uniform current flux assumption is benign treatment of magnetic pressure effects on the flow velocity. The magnetic pressure gradient in the high density arc spots accelerates the flow locally. It was shown previously that the magnetic FIG. 2. Axi-symmetric domain of arc discharge chamber with boundary conditions. Cathode potential is set to an arbitrary value and uniform current flux is considered on the anode tip. Vent condition is specified to maintain constant pressure. pressure effects on flow velocity are important for I > 100 A arc under atmospheric conditions. 17 Since the background pressure is 68 kpa in the present study, these effects may start at slightly lower arc currents than 100 A. However, the overall self-induced magnetic field is considered [Eq. (6) ] in this study.
Sublimation is calculated using Langmuir evaporation model Eq. (7). 18 C is evaporation mass flux rate. R and M are gas constant and molecular weight, respectively. Saturation pressure of the three materials is taken from Ref. 19 and then multiplied with the mole fractions to obtain the overall saturation pressure, p sat .
20,21
C ¼ p sat ð2pRT=MÞ À1=2 :
Equation (7) is applied at all radial locations along the anode tip and plasma interface to account for the variation in surface temperature and the subsequent sublimation rate. It has to be noted here that, Langmuir model predicts higher ablation rate compared to model based on Knudsen layer kinetics, 22 as the former does not consider the influence of background pressure on the ablation rate.
C. Flow
In order to find the temperature and density of fluid inside the chamber, standard Navier-Stokes equations are solved. Conservative form is used to account for the variations in density. Equation (8) shows the continuity equation in compressible form. Lorentz force due to electromagnetic fields and buoyancy force due to gravity are added to the momentum equations [Eq. (9) ]. Energy equation with Joule heating and electrons thermal gradient heat flux [Eq. (10) ] is solved to obtain the temperature distribution.
All the species are combined to obtain overall density and then treated as a single fluid. Velocity is zero on all solid fluid interfaces, due to no-slip, other than at the anode tip. Mass averaged velocity of the sublimated vapor at the interface is given as the boundary condition for axial velocity at the anode tip. The mass averaged velocity is obtained by dividing the evaporation mass rate with sum of vapor density and local density of fluid existing near the interface. Radial velocity and normal gradient of axial velocity are zero along the axis. Vent condition is specified on the whole bottom periphery of the chamber to maintain constant pressure inside the chamber.
The energy equation [Eq. (10) ] is solved for enthalpy. The specific heat,C p ¼ ð Ð c p dTÞ=T, of each of the species is pre-computed for all temperatures and tabulated. At any given temperature, C p of individual species is extracted and then mixture specific heat (C p;m ) is obtained using mass fraction average. Temperature on chamber walls is maintained constant at 350 K and normal gradient along the axis is considered to be zero. The chamber wall temperature 350 K is observed from the experiments. Heat flux boundary condition at the anode tip and plasma interface is given by Eq. (11) . 23 I arc is arc current and R a is radius of anode. T e is temperature of oncoming electrons in eV, U a is anode sheath voltage drop, U w is work function of anode material, and DH evap is the latent heat of evaporation.
Anode sheath drop, U a is obtained using Eq. (12) . The electron flux j th is the product of thermal velocity and electron density at the anode sheath edge. 
The enthalpy of the vapor leaving the anode tip, h vap , given in Eq. (13) is added to the first cell of the fluid near the anode. Where, c p;m is the specific heat of the vapor mixture.
Cathode sheath is not considered here, so, the heat flux at cathode tip-plasma interface is due to attachment of ions and thermionic electron emission from cathode tip. This is given in Eq. (14) . U iz and U wc are cathode material ionization potential and work function. In Eq. (14) , the first term is for the attachment of ions to cathode which involves removal of one electron to neutralize the attached ion. The second term is removal of electrons from the cathode due to thermionic electron emission.
Though radiation from the metal vapor in the plasma becomes significant for temperatures >0.5 eV, it is neglected here due to their low number density (<10 22 m
À3
). Besides, this high temperature exists only near the axis.
Equation (10) is solved throughout the domain, which includes conduction heat transfer between neutral gas and solid electrodes. It has to be noted here that, in Eqs. (11)- (14), all the variables are functions of radial coordinate and hence, these equations are used at all radial locations along the electrode-plasma interface to account for the twodimensionality.
D. Species
Mass diffusion equation [Eq. (15) ] is employed to find the distribution of individual species inside the chamber. c l 2012) and D l are the mass fraction and diffusion coefficient of species l. Mass fractions of individual species obtained from Eq. (7) are specified as boundary condition at the anode tip and fluid interface. Zero normal gradient is considered on all the remaining boundaries
Binary diffusion coefficients with hard sphere model 25 Eq. (16) are used to account for the influence of temperature on the diffusion. D AB is diffusion coefficient of species A diffusing into species B. M A and U a are molecular weights of species A and B. r AB is rigid sphere collision diameter
The above specified treatment of diffusion is suitable for neutrals alone. The ion density is expected to be about three orders of magnitude less than that of neutrals. Hence, ion diffusion is not considered here using separate transport equation for ions. The equilibrium density of ions is calculated from the neutrals density at every location as explained in the following section.
E. Ionization
Assuming that plasma is in local thermodynamic equilibrium, Saha equation [Eq. (17) ] is used to obtain the ionization fractions of individual species. Where, n i;l and n 0;l are number density of ions and neutrals of species l. E l and h are ionization energy of species l and Planck's constant n e n i;l n 0;l ¼ 2p m e k B T e h 2 3=2
exp
The set of Saha equations with the ionization energies corresponding to each species is solved subjected to charge neutrality condition.
F. Solution procedure
For a given arc current and electrode gap, initially the electric potential is solved to obtain the potential field distribution. Then current is calculated and from potential field, and from the current, magnetic field is obtained. Sublimation rate is calculated and individual mass fractions at the anode tip and fluid interface are obtained. Species diffusion is solved separately for C, Ni, and Y to obtain the respective mass fractions inside the fluid domain. Ionization fractions are calculated for the individual species using Eq. (17). Momentum and energy equations are solved using finite volume discretization and SIMPLER algorithm to obtain velocity distribution. Power law scheme is used to obtain the fluxes on the cell faces. Energy equation is then solved to obtain the temperature distribution. Using the equation of state, overall density distribution is obtained. This order is repeated until convergence is achieved at any time step. This procedure is repeated at all time steps to obtain the transient results.
Temperature varying thermophysical properties are considered for the individual species. 26, 27 Mixture properties are obtained based on molar average for gas constant(R), thermal conductivity (k), and dynamic viscosity (l). The diffusion coefficients on the finite volume cell faces are obtained using harmonic mean of neighborhood cell center values.
In reality, the arc is generated between the electrodes due to avalanche ionization starting with a few stray electrons accelerated due to the potential difference between the electrodes. This process is not simulated here. The arc is simulated in macroscopic view point. The energy source for the plasma generation in the arc discharges is Joule heating (j 2 =r). Initially, the background gas is at room temperature and is not conductive. Hence, an initial value (r initial ) is assumed for electrical conductivity, to start the arc. Here, this initial value is considered equal to the arc current which is specified as input. Once the arc is operational, r is recalculated every iteration to obtain its actual value based on the local temperature and species densities according to Eq. (2). In order to stabilize the convergence, a lower limit r l is set up which is decreased exponentially during the first few seconds of the simulation. Once the electrical conductivity is fully evolved, the lower limit is no longer required. The variation of r along z-direction and at r ¼ R a =2 is shown in Fig. 3 , for an arc current of 60 A. The initial value of electrical conductivity, r initial ¼ 60 (S/m). Evolution of r from t ¼ 0.1 to 20 s can be seen from the figure. No significant variation in r is observed from t ¼ 10 s onwards.
III. VALIDATION
In the laboratory setup, 8 
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M. Kundrapu and M. Keidar Phys. Plasmas 19, 073510 (2012) 100 A and compared with those from experiments 8 and one dimensional model. 23 The comparison plot is shown in Fig.  4(a) . The present two dimensional model predicts slightly higher sublimation rate compared to the experiments while maintaining the similar trend of variation. Though one dimensional model showed better agreement for I < 60 A, it could not capture the trend. The higher sublimation rate is due to the average saturation pressure model and Langmuir model as discussed in Sec. II B.
Current voltage characteristics of 2D simulation are given in Fig. 4(b) . Arc voltage is obtained by adding anode drop, U a and inter-electrode plasma voltage, U pl . Since the current flux variation at the cathode tip is non-linear, it is not straight forward to estimate the plasma voltage. Three methods are used to estimate the plasma voltage from 2D simulation: (1) along the axis, potential at the cathode tip is subtracted from that existing at the anode tip (green curve), (2) using average conductivity calculated along the axis and arc current (blue curve), and (3) using the average conductivity between the electrodes and arc current (blue curve with dot). Methods 1 and 2 show good agreement with experiment results at the high and low currents, respectively whereas method 3 result is close to experiments in the medium range currents and 1D model calculations. It was observed from the experiments that the arc diameter increases with the increase of current. This variation in the arc diameter cannot be seen in the 2D simulation due to average current flux boundary condition on the anode. However, this variation was incorporated in the 1D simulations hence showed better agreement with experiments. 23 The average value of cathode drop in 1D calculations was about 15 V. Figure 5 shows the direct comparison of temperature contours from the simulation (left hand side) with the photo of experiments. Total current is 60 A and the electrodes are separated by 4 mm. in the contour plot, the temperature of plasma at the cathode periphery level is greater than 4000 K. This 1:1 comparison is not accurate in terms of plasma emission and has only qualitative character. The similarity in the shape of the temperature contour plot and photo image can be noticed here.
IV. RESULTS AND DISCUSSION

A. Typical distribution of arc discharge parameters
The current flux and self induced magnetic field are shown in Fig. 6(a) . The current flux is uniform near the anode tip and self adjusts to a lower value towards the cathode tip. The maximum value of self induced magnetic field is 0.0034 T. Pressure and density are shown in Fig. 6(b) . Pressure of the gas inside chamber is 68 280 Pa throughout the 
073510-6
M. Kundrapu and M. Keidar Phys. Plasmas 19, 073510 (2012) from the axis by cathode and velocity decreases gradually due to expansion. Vapor velocity is 20 m/s at a distance of 20 mm from the axis. In addition, the deflected vapor separates into two recirculation regions after hitting the chamber wall. Some of the gas leaves the chamber through the vent to maintain constant pressure. , and 7.8 Â 10 20 m À3 for C, Ni, and Y, respectively. As expected, the quantity of carbon in the plasma exceeds that of the catalyst. The transport of species below the arc is mainly due to diffusion, whereas the diffusion and convection ensure the transport above the arc. The diffusion coefficient increases with the temperature; since the temperature in the fluid below the anode tip is high due to conduction from the anode lateral surface, the downward diffusion of species is observed in this area. Transport in radial direction is mainly due to convection. The highest densities of ions are 1. , respectively, for C þ , Ni þ , and Y þ . It is interesting to note that number density of C þ is lowest though it has highest neutral density. This is due to its high ionization potential. Out of the three species, Y has the lowest ionization potential and hence more Y þ are observed outside the arc, where temperatures are not sufficient to ionize C and Ni. Helium background gas has even higher ionization potential so its ionization is negligible. Figure 7 (c) illustrates the calculated distributions of temperature and electron density in the discharge with the highest numbers, 7020 K and 7.5 Â 10 20 m
À3
, respectively, observed in the inter-electrode gap. The disk like radial distribution of temperature is due to convection. The flow parameter distribution for I ¼ 100 A of arc current is shown in Fig. 8 . Anode evaporation rate increases due to higher energy deposition. As a result, the species density and temperature increase inside the chamber. Figure 8 , respectively. A slight reduction in the thickness of the disk-like structure is noticeable from Fig. 8(c) , which is due to the increased flow speed. However, the peak temperature in the core region is 8640 K, which is greater than that observed for I ¼ 60 A case. The peak density of electrons, for this case, is 1.6 Â 10 21 m
.
B. Nanoparticle growth region
In this section, an attempt is made to identify and outline the probable location of nanotube growth, directly from the simulation results. Majority of multiwall nanotubes are found in the soft core of the cathode deposit while single wall nanotubes are found in the collaret, lateral surface of the cathode, upper wall of the chamber and in the web suspended between cathode and chamber walls. 28, 29 It was also observed that, the cathode deposit has negligible amount of Ni, while it is high inside the soot deposited on the electrode lateral surfaces and in the web. 30 The temperature 
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M. Kundrapu and M. Keidar Phys. Plasmas 19, 073510 (2012) distribution in Fig. 7(c) 32 and root-growth model. 33 Either one or all of the three mechanisms may contribute for the growth. Nevertheless, the root growth model alone is considered here, due to the presence of large Ni clusters outside the arc region. It was shown analytically that growth of nanotubes is terminated due to the solidification of Ni clusters. 34 By considering the solidification point of 1730 K and condensation point of 3180 K, the region of nanotube growth can be outlined using the isothermal lines, directly from the simulation.
The probable growth region in vapor is shown in Fig. 9 for I ¼ 20, 60, and 100 A. The outlined region also shows the possibility of nanotube growth on the walls of the electrodes. It can be deduced now that, the clusters grown in this region will be transported away due to convection and buoyancy, and deposited on the chamber walls. The size of growth region decreases with the increase of arc current, which is mainly due to the increases in the flow velocity as result of increased anode evaporation rate. However, the production rate of nanoparticles does not decrease as the growth depends on the local density of contributing species which increase with the arc current as shown in Fig. 8 . Hence, there exists an optimum value of current for which production rate is maximum.
The path of nanoparticle in the chamber has to be traced in order to extract the vapor density and temperature local to the particle, which contribute to the growth. Since the particle size varies from nanometer to micrometer, they can be conveniently assumed to follow the streamlines of the steady state flow. Figure 10 shows the streamline for I ¼ 60 A case. Streamlines 1, 2, and 3 represent the typical flow pattern in the growth region. Initial size of the catalyst nucleus can be estimated using homogeneous nucleation theory. 35, 36 Further growth of the catalyst particle as it travels along the streamline can be obtained using flux balance models considering both neutral and ion fluxes. 37 Nanotube length can be estimated using continuum surface diffusion models. 34, [38] [39] [40] [41] [42] Arc discharge parameters can now be optimized, to increase the nanoparticle growth by carrying parametric studies.
V. SUMMARY
Carbon arc discharge used for the nanoparticle synthesis is modeled and simulated. The ablation rate of anode and current voltage characteristics are compared with experiments for I ¼ 10 to 100 A current range and 4 mm electrode gap with background pressure of 68 kPa. The evaporation rate obtained using the simulation, is consistent with the trend shown by the experiments but predicts higher evaporation rate. The evaporation rate is expected to decrease if Knudsen layer self consistent model is used. The current voltage characteristics of simulation fall in the range of experiment results. Nanoparticle growth region is identified and outlined based on the temperature range for nickel cluster formation. Approximate methodology is specified to estimate the size of nanoparticles, using which parametric studies can be carried out to optimize the growth. 
